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Abstrat
Strating with the Maxwell's equations in presene of eletri and mag-
neti soures in an isotropi homogenous medium, we have derived the
various quantum equations of dyons in onsistent and manifest ovariant
way. It has been shown that the presented theory of dyons remains invari-
ant under the duality transformations in isotropi homogeneous medium.
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Few interest in the subjet of monopoles and dyons was enhaned by the
work of t' Hooft [1℄ and Polyakov [2℄ and its extension by Julia and Zee [3℄.
Consequently, these partiles beame intrinsi part of all urrent grand unied
theories [4, 5℄ in view of their enormous potential importane [6, 7, 8, 9℄. Keep-
ing in view the potential importane of monopoles and the results of Witten
[9℄ that monopoles are neessarily dyons, we [10, 11℄ have also onstruted a
self-onsistent o-variant theory of generalized eletromagneti elds assoiated
with dyons eah arrying the generalized harge as omplex quantity with its
real and imaginary part as eletri and magneti onstituents. On the other
hand Kravhenko [12℄ has analysed the Maxwell's equations for time-dependent
eletromagneti elds in homogeneous (isotropi) and hiral medium. In this
paper we have derived the various quantum equations of generalized eletrmag-
neti elds of dyons (partiles arrying simultaneously eletri and magneti
harges) in isotropi medium in onsistent and manifest o-variant ways. It has
been shown that the present theory of dyons remains invariant under the dual-
ity transformations in isotropi homogeneous medium. It has also been shown
that the equation of motion in isotropi medium reprodues the rotationally
symmetri gauge invariant angular momentum of dyons and aordingly we
have derived the quantization ondition for generalised eletromagneti elds of
dyons in isotropi medium.
Let us start with the symmetrized Maxwell's equations, derived by Dira
[13℄ in presene of magneti harge (monopole) to establish the dual invariane
between eletri and magneti elds, in the following manner in vauum in SI
units [14℄ for c = ~ = 1i.e.
−→
∇ ·
−→
D = ρe (1)
−→
∇ ·
−→
B = µ0ρm (2)
−→
∇ ×
−→
E =
−→
jm
ǫ0
−
∂
−→
B
∂t
(3)
−→
∇ ×
−→
H = je +
∂
−→
D
∂t
(4)
where ρe and ρm are respetively the eletri and magneti harge densities
while
−→
je and
−→
jm are the orresponding urrent densities,
−→
D is eletri indution
vetor,
−→
E is eletri eld,
−→
B is magneti indution vetor and
−→
H is magneti
eld. Here we assume the homogeneous (isotropi) medium with the following
denitions [15℄,
2
−→
D = ǫ
−→
E (ǫ = ǫ0ǫr) (5)
and
−→
B = µ
−→
H (µ = µ0µr) (6)
where ǫo the free spae permitivity, µo is the permeability of free spae and
ǫr and µr are dened respetively as relative permitivity and permeability in
eletri and magneti elds. On using equations (5) and (6), equations ( 1- 4)
take the following dierential form,
−→
∇ ·
−→
E =
ρe
ǫ
(7)
−→
∇ ·
−→
B = µρm (8)
−→
∇ ×
−→
E = −
−→
jm
ǫ
−
∂
−→
B
∂t
(9)
−→
∇ ×
−→
B = µ
−→
je +
1
v2
∂
−→
E
∂t
. (10)
Dierential equations (7,8,9,10) are referred as the generalised eld equations of
dyons in homogeneous medium and the eletri and magneti elds are orre-
sponding alled generalised eletromagneti elds of dyons. These eletri and
magneti elds of dyons are expressed in following dierential form in homoge-
neous medium in terms of two potentials [11℄as,
−→
E = −
−→
∇φe −
∂
−→
C
∂t
−
−→
∇ ×
−→
D (11)
−→
B = −
−→
∇φm −
1
v2
∂
−→
D
∂t
+
−→
∇ ×
−→
C (12)
where {Cµ} = {φe, v
−→
C } and {Dµ} = {vφm,
−→
D} are the two four-potentials
assoiated with eletri and magneti harges. Substituting the values of
−→
E
and
−→
B in (9) and (10), we get the following sets of wave equation for dyons in
isotropi medium
3
1v2
∂2φe
∂t2
−∇2φe = φe =
ρe
ǫ
; (13)
1
v2
∂2
−→
C
∂t2
−∇2
−→
C = 
−→
C = µo
−→
je ; (14)
along with
1
v2
∂2φm
∂t2
−∇2φm = φm = µρm; (15)
1
v2
∂2
−→
D
∂t2
−∇2
−→
D = 
−→
D =
−→
jm
ǫ
; (16)
where we have imposed the following subsidiary onditions
−→
∇ ·
−→
C +
1
v2
∂φe
∂t
= 0 (17)
and
−→
∇ ·
−→
D +
1
v2
∂φm
∂t
= 0 (18)
and used the relations µǫ = 1
v2
or v = 1√
µǫ
= c√
µrǫr
with c = 1√
µ0ǫ0
is the veloity
of light in free spae (vauum) and v is onsidered as the speed of eletromagneti
wave in homogeneous (isotropi) medium. As suh, we may write the following
tensorial representation of generalised Maxwell's -Dira (GDM) equations of
dyons in homogeneous medium i.e.
Fµν,ν = j
e
µ (19)
F dµν,ν = j
m
µ (20)
where we have used the denition [11℄ of Fµνand F
d
µνas
Fµν = Eµν −H
d
µν (21)
F dµν = Hµν + E
d
µν (22)
Eµν = Cµ,ν − Cν,µ (23)
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Hµν = Dµ,ν −Dν,µ (24)
Edµν =
1
2
εµνρσE
ρσ
(25)
Hdµν =
1
2
ǫµνρσH
ρσ. (26)
Generalized eletromagneti elds of dyons in homogeneous medium are thus
diretly be obtained from eld tensor Fµνand F
d
µνas
Fi4 = ivEi (27)
Fij = εijkB
k
(28)
F di4 = ivBi (29)
F dij = εijkE
k. (30)
Equations (11) and (12) are symmetrially invariant under the following trans-
formations
−→
E → v
−→
B ; (31)
−→
B → −
E
v
; (32)
−→
C →
−→
D
v
; (33)
−→
D → −v
−→
C ; (34)
φe → vφm; (35)
φm → −
φe
v
; (36)
−→
je → v
−→
jm; (37)
−→
jm → −
−→
je
v
; (38)
ρe →
ρm
v
; (39)
ρm → −vρe; (40)
Fµν → vF
d
µν ; (41)
F dµν → −
Fµν
v
. (42)
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Equations(19) and (20) are also invariant under the generalized ontinuous linear
transformations [16℄
−→
E =
−→
E cos θ +
−→
B v sin θ (43)
−→
Bv = −
−→
E sin θ +
−→
B v cos θ. (44)
whih redues to equations (31 and 32 ) for θ = π2 and thus realled as duality
transformations. Similarly equations ( 33 to 42 ) are also expressed as duality
transformations between eletri and magneti onstituents of dyons. As suh
the GDM equations given by equations ( 7 to 10 ) are thus referred as mani-
festly ovariant and dual invariant eld equations of dyons moving in isotropi
homogeneus medim. Dening the omplex vetor eld
−→
ψ in the following form,
−→
ψ =
−→
E − i v
−→
B (45)
and using equations (11,12 and 45) we get the following relations between gen-
eralized eld
−→
ψ and the omponents of omplex four-potential as
−→
ψ = −
∂
−→
V
∂t
−
−→
∇φ− i v (
−→
∇ ×
−→
V ) (46)
where {Vµ} is the generalized four-potential of dyons in homogeneous medium
and dened as
Vµ = {φ,
−→
V } (47)
i.e.
φ = φe − i vφm (48)
and
−→
V =
−→
C − i
−→
D
v
. (49)
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Maxwell's eld equation (7,8,9,and 10) may then be written in terms of gener-
alized eld
−→
ψ as
−→
∇ ·
−→
ψ =
ρ
ǫ
; (50)
−→
∇ ×
−→
ψ = −iv(µ
−→
j +
1
v2
∂
−→
ψ
∂t
); (51)
where ρand
−→
j are the generalized harge and urrent soure densities of dyons
in homogeneous medium desribed as
ρ = ρe − i
ρm
v
; (52)
−→
j =
−→
je − i v
−→
jm. (53)
Taking the url of equation (51) and using equation (50) we obtain the new
parameter (alled
−→
S ) expressed in the following form in terms of soure densities
i.e.
−→
S = 
−→
ψ = −µ
∂
−→
j
∂t
−
1
ǫ
−→
∇ρ− ivµ(
−→
∇ ×
−→
j ) (54)
where is the D'Alembertian operator and dened as
 = 1
v2
∂2
∂t2
−∇2 =
1
v2
∂2
∂t2
−
∂2
∂x2
−
∂2
∂y2
−
∂2
∂z2
. (55)
Maxwell's-Dira equation (7,8,9,and 10) may now be expressed in the follow-
ing manner to establish the relation between generalized potential and urrent
omponents of dyons i.e.
φ = vµρ; (56)

−→
V = µ
−→
j . (57)
Dening the generalized eld tensor of dyon as
7
Gµν = Fµν − i v F
d
µν (58)
One an diretly obtain the following generalized eld equation of dyon in ho-
mogeneous (isotropi) medium i.e.
Gµν,ν = jµ; (59)
Gdµν,ν = 0. (60)
The suitable manifestly o variant Lagrangian density, whih yields the eld
equations (1,2,3,4) under the variation of eld parameters i.e. potential only
without hanging the trajetory of partile may be written as follows,
L = −m0 −
1
4
GµνG
∗
µν + V
∗
µ jµ (61)
where m0is the rest mass of partile and * denotes the omplex onjugate. La-
grangian density given by equation (61) diretly follows the following manifestly
ovariant and dual invariant form of Lorentz four-fore equation of motion for
dyons in homogeneous (isotropi) medium as
fµ = m0x¨µ = Re q ∗ (Gµνu
ν) (62)
where Re denotes the real part, x¨µis the four-aeleration and {u
ν} is the four-
veloity of the partile and q is the generalized harge of dyon dened as follows
in isotropi medium as,
q = e− i v g (63)
Equations (19),(20) and (59,60) are invariant under duality transformations,
(F, v F d) = (F cos θ + v F d sin θ,−F sin θ + v F d cos θ) (64)
(jµ, kµ) = (jµ cos θ + kµ sin θ,−jµ sin θ + kµ cos θ) (65)
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where
g
e
=
Bµ
Aµ
=
kµ
jµ
=
F d
F
= − tan θ (66)
Hene the the generalized harge of dyon given by equation (63) may be written
as
q = |q| exp[−iθ]. (67)
In addition of the dual symmetry the eld equations (59,60), the equation of
motion (62) and the Lagrangian density (61) lead to the following symmetries
[10℄;
1. Invariane under a pure rotation in harge spae or its ombination with
transformation ontaining simultaneously spae and time reetion (strong
symmetry);
2. A weak symmetry under harge reetion ombined with spae reetion
or time reetion (not both);
3. A weak symmetry under PT (ombined operation of parity and time re-
versal) and strong symmetry under CPT ( ombined operation of harge
onjugation, parity and time reversal).
Using equation (67) the interation of ithdyon with the eld of jthdyon in
isotropi medium may be written as follows from the interation part i.e. the
V ∗µ jµpart of Lagrangian density given by equation (61), i.e.
Iij =
C
(j)
µ
ej
q∗j qiu
(i)
µ (68)
where C
(j)
µ is the eletri four-potential desribing the eld of j
th
dyon, ejis the
eletri harge and u
(i)
µ is the four-veloity of i
th
dyon in the eld of jthdyon.
This equation shows that
1. Interation between two dyon is zero when their generalized harges are
orthogonal in their ombined harge spae.
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2. Interation depends on eletri oupling parameter
αij = eiej + v
2gigj (69)
under the onstany ondition
ei
gi
=
ej
gj
= constant.
3. Interation depends on magneti oupling parameter (i.e. hirality)
µij = eigj − ejgi (70)
under the ondition
ei
vgj
= − vgi
ej
.
In the isotropi (homogeneous) medium the dual invariant energy density of
dyon is now expressed as
U =
1
2
ǫE2 +
1
2µ
B2. (71)
In equation (1,2,3,4) and (5,6) the generalized Maxwell's equations are on-
sidered together with the so alled onstitutive relations desribed in terms of
the relations between the indution vetor and eld vetor. The onstitutive
relation given by equations (5,6) then desribe the rih variety of physial phe-
nomenon representing the properties and responses of the medium and to the
appliation of generalized eletromagneti eld of dyons. The eld equation,
Lagrangian and the equation of motion of dyons desribed here in isotropi
medium are also onsidered as Poinare and onformal invariant, but there is
no trivial gauge group of invariane transformations. Dyoni elds given by
equations (19,20),(56,57),(59,60) and (62) are manifestly ovariant and also in-
variant under duality transformations. Here we have desribed the eletromag-
neti harateristi of dyon eld equations in terms of the parameters of the
medium ǫ and µ whih do not hange in time. Thus our results orresponding
to the generalized eletromagneti models of dyons are represented in terms of
time-harmoni (monohromati) elds in a onsistent and unique manner and
reprodues the theories of the dynamis of eletri (magneti) harge in the
absene of magneti (eletri) harges or vie versa.
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